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ON MINIMAL COVERINGS OF GROUPS BY PROPER
NORMALIZERS
M. AMIRI, S. HAJI AND S. M. JAFARIAN AMIRI
Abstract. For a finite group G, a normalizer covering of G is a
set of proper normalizers of some subgroups of G whose union is G.
First we give a necessary and sufficient condition for a group having
a normalizer covering. Also, we find some properties of p-groups
(p a prime) having a normalizer covering. For a group G with
a normalizer covering, we define σn(G) the minimum cardinality
amongst all the normalizer coverings of G. In this article, we show
that if G is a p-group with a normalizer covering, then σn(G) =
p + 1 or 5. Finally, for any prime p and positive integer k, we
construct a solvable group G with σn(G) = p
k + 1.
1. Introduction and main results
Let G be a group. A covering of G is a finite set of proper subgroups
whose set-theoretic union is equal to G. Such covering is called minimal
if it has the smallest cardinality amongst all the coverings of G and the
size of the minimal covering of G is denoted by σ(G) called the covering
number of G. Coverings have enjoyed some degree of attention in recent
years. Determining the invariant σ(G) of G and finding the positive
integers which can be covering numbers is the topic of ongoing research.
Starting with J. H. E. Cohn [6], many authors determine σ(G) for some
classes of groups G (see [8] and its references).
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A centralizer covering of a group G is a covering Γ of G such that
all members of Γ are the centralizers of some elements in G i.e. Γ =
{CG(x1), · · · , CG(xn)} for some non-central elements xis in G and pos-
itive integers n. Recently the second and third authors in [9] define
σc(G) the minimum number of proper centralizers whose union is G.
They compute σc(G) for nilpotent groups, Frobenius groups, special
linear groups PSL(2, q), Suzuki groups Sz(q), the symmetric groups
Sn and the alternating groups An for n ∈ {4, 5}. In this article, we
investigate the normalizer coverings of groups.
A normalizer covering of a group G is a covering Γ of G such that
all its members are the normalizers of some subgroups of G, i.e.
Γ = {NG(H1), · · · , NG(Hk)}
where NG(Hi) = {g ∈ G : g
−1Hig = Hi} for some subgroups His of
G and positive integer k. Throughout this paper the term normalizer
(except in normalizer covering) always means the normalizer of some
subgroup of the group. Also, σn(G) denotes the minimum number of
proper normalizers of G whose union is G and we call it the normalizer
covering number.
It is clear that a finite group G does not have any covering if and
only if G is cyclic (in this case there is no proper subgroup containing
the generator of G) . Also, G does not have any centralizer covering if
and only if G is abelian (in this case G has no proper centralizer). It
is natural to say that G does not have any normalizer covering if and
only if G has no proper normalizer (equavalently G is Dedikind). But
the situation about normalizer coverings is different. For example, if
we consider the Dihedral group D2n of order 2n for n > 2, then this is
not Dedikind and its elements of order n do not belong to any proper
normalizer. Note that if G does not have any normalizer covering, then
we define σn(G) =∞.
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Based on the work of Neumann (see [14]), who showed that a group
has a finite covering if and only if it has a finite non-cyclic homomorphic
image, so it suffices to restrict our attention to finite groups when
determining normalizer covering numbers. In the sequel, p is a prime.
In section 2, we prove some preliminary results and give a neces-
sary and sufficient condition for a group having a normalizer cov-
ering (see Proposition 2.4). In section 3, first we give a sufficient
condition for a p-group G having a normalizer covering and next we
show that σn(G) = p + 1 or 5. By this result, we can find the nor-
malizer covering number for nilpotent groups. In [6], Cohn proved
that σ(G) = p + 1 for any non-cyclic p-group G (see Theorem 2).
But our proof is longer and different from Cohn’s proof. Note that
there are some 2-groups G with σn(G) = 5, for example, consider
G = AllSmallGroups(25, IsAbelian, false)[44] in the software GAP
[7].
We suggest that it might be of interest to investigate which posi-
tive integers> 2 can or can not be as normalizer covering numbers of
groups. We construct a group G with σn(G) = p
α + 1 for any prime p
and positive integer α. Cohn conjectured that there is no group with
σ(G) = 7. This conjecture was confirmed by Tomkinson in [15]. But
the situation is different in the normalizer covering since it is easy to see
that that σn(S4) = 7 where S4 is the symmetric group on four letters.
An interesting question would be if there is an integer greater than 2
that is not the normalizer covering number of a group. We conjecture:
Conjecture 1.1. There is no group G with σn(G) = 11.
- All groups considered in the sequel are finite and all notations are
usual. For example G′, Z(G) denotes the commutator subgroup and
the center of a group G, respectively, Cn denotes the cyclic group of
order n, D2n the dihedral group of order 2n. Moreover Φ(G) denotes
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the Frattini subgroup of G. We denote the Fitting subgroup of G by
Fit(G). For given elements x, y ∈ G, the notation xy := y−1xy denotes
the conjugate of x by y and for H ≤ G, the notation Hy = y−1Hy
denotes the conjugate of H by y.
2. Preliminaries results
We begin with two simple lemmas but frequently used fact.
Lemma 2.1. Let G be a group. Then the following statements are
equivalent:
(i)σn(G) =∞.
(ii)there exists x ∈ G whenever x ∈ NG(H) for some subgroup H of
G, then H EG.
Lemma 2.2. Let G be a group and N E G. If σn(
G
N
) < ∞ , then
σn(G) ≤ σn(G/N).
Proof. Let σn(G/N) = m andG/N =
⋃m
i=1NG/N (Hi/N). SinceNG/N (Hi/N) =
NG(Hi)
N
, we have G =
⋃m
i=1NG(Hi). By definition of normalizer cov-
ering number of G, σn(G) ≤ m. 
We call NG(L) is maximal normalizer for some non-normal subgroup
L of a group G if there is no non-normal subgroup S of G such that
NG(L)   NG(S).
If H and K are groups and H has a normalizer covering, then H×K
has a normalizer covering since NH×K(Hi ×Ki) = NH(Hi) × NK(Ki)
for every Hi ≤ H and Ki ≤ K. We notice that the converse is not
true, for example consider D8 ×D8. But we have the following result.
Proposition 2.3. Let G = H × K. If σn(G) < ∞, then σn(G) ≤
min{σn(H), σn(K)}. In addition, if gcd(|H|, |K|) = 1, then σn(G) =
min{σn(H), σn(K)}.
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Proof. Note that ifH,K do not have any normalizer cover, then σn(H) =
∞ and σn(K) =∞ and so σn(G) ≤ min{σn(H), σn(K)}.
By Lemma 2.2, we have σn(G) ≤ min{σn(H), σn(K)}. If gcd(|H|, |K|) =
1, then for every subgroup T of G we have T = H1×K1 where H1 ≤ H
and K1 ≤ K. Then we have NG(T ) = NH(H1) × NK(K1). Now, let
σn(G) = n and G =
⋃n
i=1NG(Ti) where NG(Ti) is a maximal nor-
malizer of G. Then NG(Ti) = NH(Hi) ×K or NG(Ti) = H × NK(Ki)
where NH(Hi) and NK(Ki) are maximal normalizer in H and K. Then
G =
(⋃p
i=1NH(Hi) × K
)
∪
(⋃q
i=1H × NK(Ki)
)
= G1 ∪ G2 where
p + q = n. By using Lemma 4 of Cohn we can see that p = 0 or
q = 0. If p = 0 then G = G2 and so K =
⋃q
i=1NK(Ki). Hence
σn(K) ≤ σn(G) and if q = 0 then σn(H) ≤ σn(G). In both case we
can see min{σn(H), σn(K)} ≤ σn(G) and so min{σn(H), σn(K)} =
σn(G). 
In the following, we give a necessary and sufficient condition for a
group to have a normalizer covering.
Proposition 2.4. Let G be a finite group. Then G has a normalizer
covering if and only if the Fitting subgroup of G is a subset of the union
of some normalizers of non-normal subgroups in G, i.e. Fit(G) ⊆
⋃m
i=1NG(Hi) where Hi ⋪ G for all i.
Proof. If G has a normalizer covering, then clearly, Fit(G) is a subset
of the union of that covering.
Now suppose that Fit(G) is a subset of a union of proper normalizers
in G. If b ∈ G \ Fit(G), then NG(〈b〉) 6= G, and so G = Fit(G) ∪⋃
b∈G\F it(G)NG(〈b〉). This completes the proof. 
Corollary 2.5. Let G be a finite solvable group, and let F = Fit(G)
be a cyclic Hall subgroup of G. Then G does not have any normalizer
covering.
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Proof. Suppose, for a contradiction, that G has a normalizer covering.
By Proposition 2.4, there are proper normalizers NG(Hi) for 1 ≤ i ≤ k
such that F ⊆
⋃k
i=1NG(Hi). By hypothesis, F = 〈x〉 for some x ∈ G.
Without loss of generality, we may assume that x ∈ NG(H1).
By Normalizer-Centralizer Theorem, there exists a monomorphim
: G
CG(F )
→֒ Aut(F ). Since G is solvable, CG(F ) = F and since F is
cyclic, we have G
F
is abelian. By hypothesis, there exists a subgroup
K of G such that G = 〈x〉 ⋊K and gcd(o(x), |K|) = 1. It yields that
H1 = 〈x
m〉 ⋊ V where V ≤ Kg for some g ∈ G and some integer m.
Clealy, 〈xm〉 ⊳ G which implies that Kg ≤ NG(〈x
m〉). Since Kg is an
abelian group, Kg ≤ NG(V ). Hence K
g ≤ NG(H1). It follows that
H1 ⊳G, which is a contradiction.

3. nomalizer coverings of nilpotent groups
We know that Fit(G) = G for every finite nilpotent group G. So
Proposition 2.4 does not give any structural information about nilpo-
tent groups having a normalizer covering. In this section, we give a
sufficient condition for a nilpotent group to have a normalizer cover-
ing. At first, we investigate the normalizer coverings in p-groups which
are the special case of nilpotent groups.
Let p > 2. A p-group G is said to be powerful if Gp = Φ(G), or
equivalently G′ ≤ Gp.
Lemma 3.1. Let G be a finite p−group with p > 2 such that Z(G) ≤
Φ(G). If σn(G) =∞, then |G : Φ(G)| = p
2 (G is a 2-generator group).
Proof. We proceed by induction on |G|. The base step is clear whenever
|G| = p3. So suppose that |G| > p3. Since σn(G) = ∞, by Lemma 2.1
there exist x ∈ G with the following property:
if x ∈ NG(H) for some subgroup H of G, then H EG. (*)
ON MINIMAL COVERINGS OF GROUPS ... 7
The proof is done in four steps:
Step 1: We claim that 〈x〉⊳G and x /∈ Z(G).
Since x ∈ NG(〈x〉), by (*) we have 〈x〉 ⊳ G . By hypothesis, G
is non-abelian and since |G| is odd, G is not Dedikind. So G has a
non-normal subgroup T . By (*), we have x /∈ NG(T ) and so x /∈ Z(G).
Step 2: Now, we claim that G is a powerful group.
Let ∆ = {y1, ..., yk} be a minimal set of generators of G. Let u ∈ ∆
and [u, x] 6= 1. Then Tu = 〈x〉〈u〉 is a non-abelian 2-generator group.
Since 〈x〉⊳Tu, and
Tu
〈x〉
is cyclic, we have [x, u] ∈ T ′u ≤ 〈x〉. If 〈x〉 = T
′
u,
then 〈x〉 ≤ Φ(Tu) and hence Tu is cyclic, which is a contradiction. It
follows that T ′u is a proper subgroup of 〈x〉, and so [x, u] ∈ 〈x
p〉. Then
x ∈ NG(〈x
p〉〈u〉) which implies that 〈xp〉〈u〉 ⊳ G by (*). Hence every
cyclic subgroup of G
〈xp〉
is normal and so G′ ≤ 〈xp〉 ≤ Gp. Thus G is a
powerful group.
Step 3: We may assume that x ∈ ∆.
If x ∈ Φ(G), then by step 2 there exist g ∈ G \ Φ(G) and an integer
m such that x = gp
m
. It follows that g satisfies in (*) and so we can
replace g by x.
Step 4:Finally we show that |∆| = k = 2 and this completes the
proof.
Suppose, for a contradiction, that k ≥ 3. If x commutes with every
yi ∈ ∆, then x ∈ Z(G), which is a contradiction by step 1. Hence
we may assume that [x, y1] 6= 1 and set y = y1. Since k ≥ 3, we have
〈x, y〉 6= G. It follows that 〈x, y〉 ≤M for some maximal subgroupM of
G. Clearly G 6= M∪CG(x) and so there is z ∈ G\(M∪CG(x)). We may
assume that z ∈ ∆. Therefore x /∈ 〈y, z〉. By (*), we have 〈x〉〈y〉⊳G.
Now, we consider H = 〈x〉〈y〉〈z〉. Clearly Z(H) ≤ 〈xp〉〈yp〉〈zp〉. Since
x ∈ H , by (*) we conclude that σn(H) =∞. IfG 6= H , then |
H
Φ(H)
| = p2
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by induction. It follows that H is a 2-generator group which is a
contradiction. Therefore G = H and so G is a 3-generator group.
If Z(G) is not cyclic, then Z(G) has at least two subgroups of order
p and hence there is a minimal normal subgroup N of G such that
N ∩〈x〉 = 1. By step 2, we have G′ ≤ 〈xp〉 which implies Z(G
N
) = Z(G)
N
.
By hypothesis, we have Z(G
N
) ≤ Φ(G)
N
. By induction, |G
N
: Φ(G
N
)| = p2
and so |G : Φ(G)| = p2 which is a contradiction since G is 3-generator.
Hence Z(G) is cyclic. Now we show that CG(x) = 〈x〉.
Suppose that g ∈ CG(x) \ 〈x〉. If B = 〈x〉〈g〉, then by (*) we have
B ⊳G and so Ω1(B) is a normal elementary abelian subgroup of G of
order greater than p. Since Z(G) is cyclic, we see that |Ω1(B)∩Z(G)| =
p. It follows that there is c ∈ Ω1(B) \ Z(G). Since B ≤ CG(x),
x ∈ NG(〈c〉) and so 〈c〉⊳G by (*). Thus c ∈ Z(G) which is impossible.
By Normalizer-Centralizer Theorem, there is a monomorphism θ :
G
CG(x)
→֒ Aut(〈x〉). Since Aut(〈x〉) is cyclic and θ(y) and θ(z) are p-
element, we conclude that θ(y) ∈ 〈θ(z)〉 or θ(z) ∈ 〈θ(y)〉. This implies
that y ∈ 〈z〉 or z ∈ 〈y〉, our final contradiction.

The following result is an immediate consequence of Lemma 3.1.
Corollary 3.2. Let G be a finite p−group with p > 2 such that Z(G) ≤
Φ(G). If |G : Φ(G)| = pα and α > 2, then σn(G) <∞.
Lemma 3.3. Let G be a finite 2−group such that Z(G) ≤ Φ(G). If
σn(G) =∞, then G has a subgroup M with following properties:
(1) G′ ≤M ;
(2) Every subgroup of M is a normal subgroup of G.
(3) There exists y, z ∈ G such that G = M〈y〉〈z〉.
Proof. By Lemma 2.1, there exits x ∈ G with the following property:
If x ∈ NG(H) for some subgroup H of G, then H EG. (*)
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Thus x does not belong to any proper normalizer and so x /∈ Z(G)
and 〈x〉⊳G. We claim that CG(x) has three properties in this lemma.
There is a monomorphism
θ :
G
CG(x)
→֒ Aut(〈x〉) ∼= A
where A ∈ {C2, Co(x)/4 × C2}. Since Aut(〈x〉) is abelian, G
′ ≤ CG(x).
If H is any subgroup of CG(x), then x ∈ NG(H) and by (*), H ⊳G.

The following three lemmas are nice independently and are useful to
prove our main Theorem 3.7.
Lemma 3.4. Let G be a non-abelian p-group and K be a normal
subgroup of G. Suppose that L ≤ T are subgroups of K such that
L ⊳ G, K
L
∼= Cp × Cp and T is a non-normal subgroup of G such that
|K : T | = p. Then |G : NG(T )| = p.
Proof. By hypothesis, T is a maximal subgroup of K and since KEG,
every conjugate of T in G is contained in K. Since K
L
∼= Cp × Cp, the
number of maximal subgroups of K
L
is p + 1. Therefore the number
of conjugates of T in G is at most p + 1 and so |G : NG(T )| = p, as
desired. 
Lemma 3.5. Let G be a finite non-abelian p−group. If σn(G) < ∞,
then for every u ∈ G there exists a subgroup H such that u ∈ NG(H)
and NG(H) is a maximal subgroup of G.
Proof. We proceed by induction on |G|. Base step is clear on all groups
of order p3 and 32. Let N be a minimal normal subgroup of G. If
σn(
G
N
) <∞, then the proof is clear by induction hypothesis. So suppose
that σn(
G
N
) =∞. Then there exists xN ∈ G
N
such that if xN ∈ NG
N
( L
N
)
for some subgroup L
N
of G
N
, then L
N
⊳ G
N
*. Especially 〈x〉N ⊳ G. Let
u ∈ G. We consider two following cases:
10 AMIRI, HAJI AND JAFARIAN AMIRI
Case 1. There exists z ∈ G such that uz 6∈ 〈u〉. Let Su = 〈u, u
x〉.
If x 6∈ NG(〈u〉), we replace z with x. If x ∈ NG(〈u〉), then 〈u, u
x〉 ≤
〈u, uz〉. Hence, we may assume that 〈u, ux〉 ≤ 〈u, uz〉. We claim that
( 〈x〉〈u〉N
N
)′ = 〈[x,u]〉N
N
.
Set K := 〈x〉〈u〉N
N
. Then K ′ ≤ 〈x〉N
N
and so K ′ is cyclic. Now, put
T := 〈[x,u]〉N
N
. Clearly T ≤ K ′. It remains to show that K ′ ≤ T .
Since T ⊳K, we see that [x, u]xN, [x, u]uN ∈ T and it is well-known
that for all integers i, j
[xi, uj]N = πy∈K([x, u]N)
y
which follows [xi, uj]N ∈ T . This proves the claim.
Since T = K ′ ≤ SuN
N
, we have SuN⊳〈x〉〈u〉N and so xN ∈ NG
N
(SuN
N
).
By (*), SuN ⊳G which follows SuN = 〈u, u
z〉N . Set Ru = 〈u, u
z〉. We
consider two following subcases:
Subcase 1. Assume that SuN = RuN = 〈u〉N . Since u
z 6∈ 〈u〉, we
have [u, z] ∈ N \ {1}. Put Du := Φ(SuN) = Φ(Su). Since |
RuN
Φ(Su)
| = p2,
and 〈u〉Du is a maximal subgroup of SuN , by Lemma 3.4, we have
|G : NG(〈u〉Du)| = p, as wanted.
Subcase 2. Suppose that SuN 6= 〈u〉N . Then [u, z] 6∈ N . We have
Φ(RuN) = Φ(Ru)⊳G, because (RuN)
′ = R′u and ℧1(RuN) = ℧1(Ru).
Let Fu = Φ(Ru)N〈u〉, and let Du := Φ(Ru)N . By a similar argument
as in Case (i), NG(〈u〉Du) is a maximal subgroup of G containing u.
Case 2. Let 〈u〉 ⊳ G. First suppose that there exists h ∈ CG(u)
such that 〈h〉 is not normal in G. Clearly hg ∈ CG(u) for all g ∈ G,
because 〈u〉⊳G. Then by the same process as Case 1, we may find Sh
such that h ∈ NG(Sh) is a maximal subgroup of G. Since [u, h
g] = 1
for all g ∈ G, we have u ∈ CG(〈h, h
z〉N), and so u ∈ NG(Sh), because
Sh ≤ 〈h, h
z〉N . Hence we may assume that 〈h〉⊳G for all h ∈ CG(u).
First suppose that p > 2. Since Aut(〈u〉) is a cyclic group, there
exists f ∈ G such that G = CG(u)〈f〉. Since σn(G) < ∞, G is not
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Dedikind. Therefore G has a cyclic subgroup 〈v〉 which is not normal
in G. Set Sv = 〈v, v
z〉 where z ∈ G \NG(〈v〉). Similar to Case 1, there
is a subgroup Dv such that NG(〈v〉Dv) is a maximal subgroup of G.
Now, consider
X = {〈v〉Dv, 〈v
z〉Dv, 〈vv
z〉Dv, · · · , 〈v(v
z)p−1〉Dv}.
Thus 〈u〉 acts on X by conjugation and by Orbit-Stabilizer Theorem
we have |X| = p+1 =
∑
B∈X
o(u)
|st〈u〉(B)|
. Since G is a p-group, there exists
B ∈ X , such that |S〈u〉(B)| = o(u). Then u ∈ NG(B) is a maximal
subgroup of G.
Now, suppose that p = 2. Let o(u) = 2m. Then G
CG(u)
∼= A ≤
Aut(〈u〉) ∼= C2m−2×C2 , there exist w, y ∈ G such thatG = CG(u)〈w〉〈y〉
( if A is cyclic, then w = y). Similar to the previous case (the case
p > 2) there exists a subgroup 〈c〉 which is not normal in G. Let
z ∈ G \NG(〈c〉), and Sc = 〈c, c
z〉. So we have u ∈ NG(B) is a maximal
subgroup of G for some subgroup B.

Lemma 3.6. Let G be a finite non-abelian p−group, and let H be a
non-normal subgroup of G. Then there exists a subgroup L of G such
that NG(H) ≤ NG(L) and NG(L) is a maximal subgroup of G.
Proof. We proceed by induction on |G|. Base of induction is trivial
whenever |G| = p3. So suppose that |G| > p3. Let T be a normal
subgroup ofNG(H) such thatR⊳G whenever R⊳NG(H) and |R| < |T |.
Let N = 〈w〉 be a minimal normal subgroup of G. First suppose that
TN
N
is not a normal subgroup of G
N
. By induction hypothesis, there
exists a subgroup L
N
of G
N
such that NG
N
(TN
N
) ≤ NG
N
( L
N
) and NG
N
( L
N
) is
a maximal subgroup of G
N
. Then NG(L) is a maximal subgroup of G
and NG(H) ≤ NG(T ) ≤ NG(TN) ≤ NG(L). So suppose that TN ⊳G.
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Let S be a NG(T )-invariant maximal subgroup of T . Since |S| < |T |,
we have S ⊳G. It follows from Lemma 3.4 that |G : NG(T )| = p.

By Theorem 2 of [6], if G is a non-cyclic p-group, then σ(G) = p+1
and so σn(G) ≥ p+1. In this article, we have the following main result:
Theorem 3.7. Let G be a finite non-abelian p−group such that σn(G) <
∞. Then
(a) for p = 2, we have σn(G) ∈ {3, 5};
(b) for p > 2, we have σn(G) = p+ 1.
Proof. Let σn(G) = k and Γ = {H1, ..., Hk} be a set of non-normal
subgroups of G such that G = NG(H1) ∪ ... ∪NG(Hk). We proceed by
induction on |G|. Base step is clear on all groups of order p3 and 32.
Let N be a minimal normal subgroup of G such that N ≤ Z(G)∩Φ(G).
If σn(
G
N
) = p + 1, then we have the result by induction. So it remains
to consider σn(
G
N
) = 5 or ∞.
First, suppose that σn(
G
N
) = 5. Then we show that σn(G) = 3 or
5. Suppose, for a contradiction, that σn(G) = 4. Let K1, K2, K3, K4
be distinct nonnormal subgroups of G such that G is a union of their
normalizers. By Lemma 3.6, we may assume that all Ri := NG(Ki) are
maximal subgroups of G. If there are Ki1 , Ki2 , Ki3 ∈ {K1, K2, K3, K4}
such that |G :
⋂3
i=1Rji| = 4, then G = Ri1 ∪ Ri2 ∪ Ri3 , which is
a contradiction. So |G :
⋂3
i=1Rji| = 8 for all combinations of three
subgroups from the set {K1, K2, K3, K4}. Since |R1 ∪R2 ∪R3 ∪R4| is
equal to
∑
|Ri|−
∑
1≤i<j≤4
|Ri∩Rj |+
∑
1≤i<j<s≤4
|Ri∩Rj∩Rs|−|R1∩R2∩R3∩R4|,
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we have
2n = |G| = |R1 ∪R2 ∪ R3 ∪ R4|
< 4 · 2n−1 − (42) · 2
n−2 + (43) · 2
n−3
= 2n+1 − 6 · 2n−2 + 2n−1
= 2n−1 + 2n−1
= 2n,
which is a contradiction.
So we may assume that σn(
G
N
) = ∞. There exists xN ∈ G
N
such
that if xN ∈ NG
N
( V
N
) for some subgroup V
N
of G
N
, then V
N
⊳ G
N
(*). We
consider the following two cases:
Case 1. First suppose that there exists uN ∈ G
N
such that xN 6∈
NG
N
( 〈u〉N
N
). Let Su = 〈u, x〉N = 〈x〉〈u〉N . By (*), Su ⊳ G. Since
〈x〉〈u〉N
〈x〉N
is abelian, we have [u, x] ∈ 〈x〉N . Then [u, x] = xp
mrs for
some s ∈ N and positive integers m, r such that gcd(p, r) = 1 . Since
ux ∈ 〈xp
m
〉〈u〉N , by (*) we have 〈xp
m
〉〈u〉N ⊳G.
Also, 〈xp
m+1
〉〈u〉N is not normal in G, because [u, x] 6∈ 〈xp
m+1
〉〈u〉N .
Let Du = 〈x
pm+1〉N . Since |〈xp
m
〉〈u〉N : 〈u〉Du| = p, by Lemma 3.4 we
have NG(〈u〉Du) is a maximal subgroup of G. Also it can similarly be
proved that NG(〈ux
i〉Du) is a maximal subgroup of G for each 0 ≤ i ≤
p− 1.
If p > 2, then we claim that
NG(〈u,Du〉), ...., NG(〈ux
p−2, Du〉), NG(〈ux
p−1, Du〉)
are p maximal subgroups of G with the mutually same intersections
(note that if p = 2, then the claim is clear).
Let Z be the set of all zN ∈ G
N
such that xN 6∈ NG
N
( 〈zN〉
N
). Let
o([x, l]) = max{o([x, z]) : zN ∈ Z}. By replacing u with l, we may
assume that l = u. Let zN ∈ Z. Since 〈x〉〈z〉N
〈x〉N
is cyclic, we have
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[x, z] = xp
mz rsz for some sz ∈ N and positive integesr r,mz such that
gcd(p, r) = 1 . Then 〈[x, z]〉N = 〈xp
mz
〉N . For all zN ∈ Z, we have
o([x, z]) ≤ o([x, u]), then 〈[x, z]〉N ≤ 〈[x, u]〉N = L, and so [x, z] ∈ L.
Then (〈z〉L)x = 〈z〉L. It follows that xN ∈ NG
N
( 〈z〉L
N
). Hence by (*),
〈z〉L ⊳ G. Consequently, all subgroups of G
L
are normal. Since p > 2,
we have G′ ≤ L = 〈xp
m
〉N .
Let Q = NG(〈u,Du〉) ∩ NG(〈ux,Du〉) and v ∈ Q. Therefore [u, v] ∈
〈u〉Du. We claim [u, v], [ux, v] ∈ Du.
Suppose, for a contradiction, that [u, v] 6∈ Du. Since Du is a maximal
subgroup of 〈xp
m
〉N = 〈[u, x]〉N and [u, v] ∈ G′ ≤ 〈xp
m
〉N , we have
〈[u, v]〉Du = 〈[u, x]〉N.
It follows that [u, x] ∈ 〈[u, v]〉Du ≤ 〈u〉Du. So 〈u,Du〉 is normal in G,
which is a contradiction. Similarly, [ux, v] ∈ Du.
Since [ux, v] = [u, v]x[x, v] ∈ Du and [u, v]
x ∈ Du, we have [ux, v] ∈
Du. It follows from [x
i, v] = [xi−1, v]x[x, v] and [x, v] ∈ Du that [x
i, v] ∈
Du. Since [ux
i, v] = [u, v]x
i
[xi, v] ∈ Du, we see that (〈ux
iDu〉)
v =
〈uxiDu〉 for all i = 0, 1, 2, ..., p − 1. Hence v ∈
⋂p−1
i=0 NG(〈ux
i, Du〉).
Then
NG(〈u,Du〉), ...., NG(〈ux
p−2, Du〉), NG(〈ux
p−1, Du〉)
are p maximal subgroups of G with the mutually same intersections,
as claimed.
Let H ∈ Γ such that x ∈ NG(H). By Lemma 3.6, we may as-
sume that NG(H) is a maximal subgroup of G. Put L = NG(H) ∩
NG(〈u,Du〉). If L =
⋂p−1
i=0 NG(〈ux
i, Du〉), then G is a union of p + 1
maximal subgroups NG(H), NG(〈u,Du〉), ..., NG(〈ux
p−1, Du〉). So sup-
pose that L 6=
⋂p−1
i=0 NG(〈ux
i, Du〉) := K. Since |K| =
|G|
p2
, we have
|NG(H) ∩K| =
|G|
p3
.
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Since for 0 ≤ i ≤ p − 1, we have x 6∈ NG(〈ux
i, Du〉, we see that
(NG(H) ∩ K)x
j ∩ (
⋃p−1
i=0 NG(〈ux
i, Du〉) = ∅ for all integers j with
gcd(j, o(x)) = 1.
If o(x) = p, then Du = N and NG(〈x〉) = CG(x) is a maximal sub-
group of G, because 〈x〉N ⊳ G. So we may assume that H = 〈x〉.
Suppose that there exists g ∈ (CG(x) \ L) ∩ NG(〈ux
i〉N) for some
0 ≤ i ≤ p − 1. Since CG(x) = L〈x〉 and g ∈ CG(x) \ L, there ex-
ists s ∈ L such that g = sxr where p ∤ r. Since s ∈ NG(〈u〉N), we
have φs ∈ Aut(〈u〉N) where φs(h) = s
−1hs for all h ∈ 〈u,N〉. Clearly,
φs(N) = N .
Since the induced automorphism φs of φs is an automorphism of
the cyclic group 〈u〉N
N
of order of a power p, we have u−1Nφs(uN) ∈
〈up〉N
N
. Hence u−1φs(h) = [s, u] ∈ 〈u
p〉N . Consequently, [s, u]n = upj
for some integer j and n ∈ N . Since CG(x) is a maximal subgroup,
up, [s, u] ∈ Φ(G) ≤ CG(x). It follows that (u
pj)x = upj and [s, u]x =
[s, u]. Therefore upj = [s, u]x
i
n ∈ 〈up〉N .
Since g = sxr ∈ NG(〈ux
i〉N), by a similar argument as above we
have [sxr, uxi] ∈ 〈(uxi)p〉N (replace u with uxi and s with sxi). Since
[s, x] = 1, we have
[sxr, uxi]N = [s, uxi][xr, uxi]N
= [s, u]x
i
[xr, uxi]N
= upj[xr, uxi]N
⊆ 〈(uxi)p〉N.
It follows from 〈x〉〈u〉N
N
= 〈x〉〈ux
i〉N
N
that 〈ux
i〉N
N
is a maximal subgroup
of 〈x〉〈ux
i〉N
N
. It yields that up ∈ 〈(uxi)p〉N . Since upj[xr, uxi]N ⊆
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〈(uxi)p〉N , we have [xr, uxi] ∈ 〈uxi〉N . Hence x ∈ NG(〈ux
i〉N), and so
〈uxi〉N ⊳G, which is impossible.
So suppose that o(x) ≥ p2. Then |
⋃
gcd(j,o(x))=1(NG(H) ∩ K)x
j | ≥
|G|
p3
(p2 − p). We have
|(
p−1⋃
i=0
NG(〈ux
i, Du〉)| = |G| − (p− 1)
|G|
p2
.
Hence
|(
p−1⋃
i=0
NG(〈ux
i, Du〉) ∪ (
⋃
gcd(j,o(x))=1
(NG(H) ∩K)x
j)|
= |G| − (p− 1)
|G|
p2
+
|G|
p2
(p− 1)
= |G|.
Thus G is a union of p+ 1 maximal subgroups
{NG(H), NG(〈u,Du〉), ..., NG(〈ux
p−1, Du〉)}.
(Note that in this case if p = 2, then σn(G) = 3.)
Case 2. Now, suppose that xN ∈ NG
N
( 〈u〉N
N
) for all uN ∈ G
N
. By
(*) we have all subgroups of G
N
are normal. Suppose that there exists
another minimal normal subgroup D 6= N . Clearly, we may assume
that σn(
G
D
) = ∞. If there exists u ∈ G such that xN 6∈ NG
N
(〈uN〉),
then we have the result by case 1. So suppose that all subgroups of G
D
are normal. For all g ∈ G , we have 〈g〉 = 〈g〉N ∩ 〈g〉D ⊳ G. Hence
all subgroups of G are normal, which is a contradiction. Consequently,
Z(G) is cyclic. We consider the following two subcases:
Subcase 1. Assume that p > 2. Since all subgroups of G
N
are
normal, G
N
is an abelian group. It follows that G′ ≤ N ≤ Z(G).
It has been shown in [2] and [3] that a finite p-group of nilpotency
class 2 with cyclic center is a central product either of two-generator
subgroups A1, ..., At with cyclic center or of two-generator subgroups
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with cyclic center A1, ..., At and a cyclic subgroup B. If B 6= 1, then
we have the result by induction hypothesis, on A1 ∗ ... ∗ At, because
B ≤ Z(G). So suppose that B = 1. First suppose that t = 1. Since
{NG(H1), ..., NG(Hk)} is a normalizer covering of G, By Lemma 3.6,
we may assume that all NG(Hi) are maximal subgroups of G. Since
G = A1 is a group with two generators, we deduce that k = p+ 1. So
suppose that t ≥ 2. There exists u1 ∈ A1\N and u2 ∈ A2\N such that
NG(〈u1〉) 6= G 6= NG(〈u2〉). Since each Ai is a two-generator subgroup
of G with cyclic center, there exists v1 ∈ 〈u1〉 and v2 ∈ 〈u2〉, such that
NG(〈v1〉) = CG(v1) and NG(〈v2〉) = CG(v2) are maximal subgroups of
G. Also, NG(〈v2v
i
1〉) = CG(v2v
i
1) for i = 0, 1, ..., p − 1 is a maximal
subgroup of G and
|CG(v1) ∩ CG(v2) ∩ CG(v2v1) ∩ ... ∩ CG(v2v
p−1
1 )| =
|G|
p2
.
It yields that {NG(〈v1〉), NG(〈v2〉), ..., NG(〈v2v
p−1
1 〉)} is a covering for
G.
Subcase 2. Assume that p = 2. Then G
N
is abelian or G
N
∼= AN ×
Q
N
where A
N
is elementary abelian and Q
N
∼= Q8 is the quaternion group of
order 8.
- If G
N
is an abelian group, then by a similar argument as in Subcase
1, we can prove that σn(G) = 3.
- So we consider the second case. If all subgroups of Q are normal in
G, then Q ∼= C2 ×Q8 and so Ω2(Q) ≤ Z(G) which implies that Z(G)
is not cyclic , a contradiction. Then there exists z ∈ Q such that 〈z〉
is not normal in G. Clearly, 〈z〉 ∩ N = 1 and so o(z) = 4. It follows
that 〈z2〉 is not normal in G. Since 〈z2〉N ⊳ G, we see that CG(z
2)
is a maximal subgroup of G. Let v ∈ Q such that Q
N
= 〈zN, vN〉.
Since 〈v2〉N = 〈z2〉N , we have z2 = v2c for some c ∈ N . It follows
that v, z ∈ CG(z
2). Also there exists a ∈ A such that a 6∈ CG(z
2).
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Therefore az = an where n ∈ N and so az
2
= (az)n = an2 = a, which
is a contradiction. This completes the proof.

By Proposition 2.3 and Theorem 3.7, we have the following result:
Corollary 3.8. Let G be a finite nilpotent group . If G has a nor-
malizer covering, then σn(G) ∈ {p + 1, 5} for some prime divisor p of
|G|.
The natural question is: which integers can be a normalizer covering
number of a finite group? In the following, we give some such integers.
Theorem 3.9. For every prime p and positive integer k, there exists
a group G with σn(G) = p
k + 1.
Proof. First, note that if p > 2 and G is a group of order p3 with
exponent p, then σn(G) = p + 1. Also, there is a group G of order 16
such that σn(G) = 3. So we may assume that k > 1.
Let H be represented as the additive group of the field GF (pn) and
let t denote a generator of multiplicative group. Define φ : H → H by
φ(h) = ht. Then φ is an automorphism on H and if K is any subgroup
of H other than {0} then φ(K) = K implies that for any k ∈ K,
kt ∈ K, and then kt2, kt3, . . . all belong toK. Since t has multiplicative
order pn − 1 this implies K = H and so φ leaves invariant no proper
subgroup of H .
Now, define the group G of order pn(pn − 1) by adjoining to H the
element b of order pn − 1, with bhb−1 = φ(h) for any h ∈ H . Then
G = H ⋊ K where K = 〈b〉 is a maximal cyclic subgroup of G and
H is a elementary abelian subgroup of G that no proper subgroup of
H is normal in G. Then by lemma 17 of Cohn, G covered by pn + 1
subgroups {H, 〈b〉g1, 〈b〉g2, . . . , 〈b〉gpn} where for any i = 1, 2, . . . , pn,
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〈b〉gi is a maximal subgroup of G that is not normal and so NG(〈b〉
gi) =
〈b〉gi. Since p < |H| and H is a p group then H has a proper normal
subgroup K 6= 1 that is not normal in G, then H ≤ NG(K) 6= G since
K is not normal in G. Then by replacing H by NG(K) in the above
cover we have a normalizer cover for G and so σn(G) = p
n + 1. 
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